Introduction
Jets are frequently observed to adhere to and to flow around nearby solid boundaries. This general class of phenomena, which may be observed in both liquid and gaseous jets, are known as the Coanda effect. Flows deflected by a curved surface have caused great interest in last fifty years [1] [2] [3] [4] . A major interest in the study of this phenomenon is caused by the possibility of using this effect to aircrafts with short takeoff and landing, for fluidic vectoring.
Flow control offers a multitude of opportunities for improving not only the aerodynamic performance, but also the safety and environmental impact of flight vehicles. Circulation control (CC) is one type of flow control which is currently receiving considerable attention. Such flow control is usually implemented by tangentially injecting a jet sheet over a rounded wing trailing edge. The jet sheet remains attached further along the curved surface of the wing due to the Coanda effect (i.e., a balance of pressure and centrifugal forces). This results in the effective camber of the wing being increased, producing lift augmentation.
At the beginning of the chapter we achieve an analytic solution that approximates a twodimensional Coanda flow. The validity of the results is limited to cases / 1, b R  since in the tangential component of the momentum equation, the curvature was neglected ( 1 y   ).
In many applications that use boundary layer control by tangential blowing, the solid surface downstream of the blowing slot is strongly curved and, in this case, the prediction of the jet involves both separation and a more accurate knowledge of the flow (radial and tangential pressure -velocity profiles) which can be done by CFD methods.
After the analytical approach, using the FLUENT code both external and internal flows are analyzed, with emphasis on the Coanda effect, in order to determine its advantages and limitations. Finally, we analyze the situations when bifurcations of the flow occur.
Similar solution for a Coanda flow
Jets are frequently observed to adhere to and flow round nearby solid boundaries. This general class of phenomena, which may be observed in both liquid and gaseous jets, is known as the Coanda effect. In recent years, great interest has been taken in flows deflected by a curved surface. Studying this phenomenon is very important due to the possibility of using the Coanda effect to aircrafts with short takeoff and landing, for fluidic vectoring.
This section deals with the steady two-dimensional, laminar and turbulent flow of an incompressible fluid that develops like a jet-sheet on a cylinder surface, i.e., a Coanda flow [5] . We show that this flow can be approximated well enough by similar solutions for both the laminar and the turbulent regime. Basically we use Falkner-Skan transformations of the momentum equations that can be reduced to one ordinary differential equation (ODE). These solutions are presented in this section for both the laminar and the turbulent flow. The results are given in the form of analytical expressions for the mass flow, thrust and jetsheet thickness depending on the angle of deviation.
We also consider the possibility of the thrust augmentation yielded by the fluid entrainment of the jet flow. Thrust vectoring of aircraft which is the key technology for current and future air vehicles, can be achieved by utilizing the Coanda effect to alter the angle of the primary jet from an engine exhaust nozzle. Furthermore, the increased entrainment by the Coanda surface coupled with the primary jet fluid can augment the thrust, see e.g., [6] .
The problem considered here is only a crude approximation of the physical phenomenon. However, we believe that the singular solutions that we develop pave the way towards a further, more accurate approach of the problem.
Mathematical model
Let us consider the steady two-dimensional flow of an incompressible fluid developed on a cylindrical surface like a jet-sheet. The boundary-layer type equations are written in a curvilinear coordinate system shown in Figure 1 . Assuming that the width of the jet slot is small compared to the curvature radius of the cylinder, R , the boundary-layer approximations can be applied yielding the simplified equations of motion The variables in equations (1)-(3) can be made dimensionless, as follows
where j U is the velocity of the jet at the exit of nozzle   0    (assumed constant in crosssection), Re is the Reynolds number based on the cylinder radius and y is the radial distance from the cylinder surface, i.e., .
r R 
The dimensionless continuity equation (1) is satisfied by a stream function, chosen such that
. Since * y is much smaller than the unity, it may be neglected compared with the unity in the dimensionless equation (2) . Introducing a modelling variable of the form
and with the stream function chosen as
Thus, the quantities  and f can be expressed as explicit functions of the parameter F and so f becomes
We further obtain explicit relations of F for the quantities , , f f f    as follows:
The domain of values of F is from [0, 1], hence the independent variable  ranges from 0 to , [0, ).
   
Thus, the problem is completely determined and the solution of equation (11) with given boundary conditions is represented by equations (13)- (17) . Calculated values of 2 3 , / , / , / f f f f f f f 
Results
Laminar flow. Since for a laminar flow, / 1,
  and 0 c  . So, the components of the velocity become
If the mass flow and the momentum of the jet are given at output ( 
Now, let the momentum of the jet in the slot be The integral from equation (21) is easily computed yielding Re . 18
Thus, f  that does not appear in the expression of 0 ,  depends only on the curvature wall and the jet characteristics, i.e.,
This means that f  is a curvature parameter. In [7] an entrainment parameter A has been defined as a measure of the fluid amount involved in flow. The fluid entrainment is an important physical process because it determines the extent of the attachment region of the Coanda effect. The entrainment parameter is defined by
For the laminar flow, we obtain the dimensionless entrainment parameter as
which shows that the entrainment attains its maximum at the jet origin.
Next, we calculate the thrust produced by the deflection of the jet with 90 . 
Integrating once, we obtain the second term, which is the contribution of pressure, i.e.,
As the total momentum flux is Re .
By comparison with the non-deflected free jet, we introduce an enhancement factor of thrust defined by the ratio 
Re
. 18 2
Using equations (22), (23) and (24), T becomes Re ,
the problem is to find the value of  for
and by equation (13) Denoting by x R  the distance along the cylinder surface, one notices that Wall jets are important test cases for turbulence models because they contain a boundary-layer near the wall which interacts with a free shear layer ( Figure 3 ). Thus, they grow much less than free jets. This reduction in the wall jet development is mainly due to the presence of the wall surface where the entrainment by the jet is inhibited on the side nearest to the surface. The velocity fluctuation damping is transmitted to the outer layer and, since the transfer of side momentum component is closely related to the side component of velocity fluctuations, the shear stress and the development of the jet are reduced. Conversely, a relatively high turbulence degree of the outer layer of the wall jet has an effect similar to the turbulence of free jet in the boundary layer case. Usually, the models of turbulence based on turbulent viscosity do not take into account the jet damping at the side wall and in this way, the empirical constants used for the free jet overestimate the development of the jet wall. For example, the k   model with standard constants, given in [8] , yields values of the width of the jet augmented by 30 %. Turbulence models based on the shear stress transport equations (6) can correctly predict the wall jet, with standard constants, only if the equations take into account the wall effect on the correlation pressure -strain velocity, see [8] , [9] . If this influence is not taken into account the models yield 20% higher values. Use of the turbulence models based on transport equations is however complex and expensive. Hence, in this section (for analytical solution) we are limited to a simple algebraic model, of turbulent viscosity type, which estimates accurately enough the main features of the considered Coanda flow.
We assume that the turbulent viscosity for a moderate curvature of the flow is governed by the same laws as in the case without curvature. Hence
where m V  is the maximum speed of flow, 1/2 y is the point of the outer layer where 1 , 2
and the mixing coefficient K is an empirical constant, same as in the case without curvature. It is easily seen that there are similar solutions of the motion equations (1), (2) and (3) 
In the present model the viscosity does not take into account the outer intermittent flow, so that the assumption of constant value in the cross section leads to velocity profiles identical to those of laminar flows, though the general configuration of the flow development is different. Suppose in this case that a linear flow develops, then the dimensionless coordinate of equation (4) 
which is used to compute 14.8 f
  
). With these data we can now specify the development of the considered self-modelled flow (Figure 4) :
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power laws for the wall jet flow
In many applications that use boundary layer control by tangential blowing, the solid surface downstream of the blowing slot is strongly curved and, in this case, the prediction of the jet involves separation and a more accurate knowledge of the flow (radial and tangential pressure -velocity profiles) which can be done with CFD methods.
Control of the two-dimensional turbulent wall jet on a Coanda surface
Flow control refers to the ability to alter flows with the aim of achieving a desired effect. Examples include the delay of boundary layer separation and drag reduction, noise attenuation, improved mixing or increased combustion efficiency, among many other industrial applications. There are two possibilities to approach the problem of flow separation control: (1) passive control (vortex generators, flaps/slats, slots, absorbant surfaces and riblets) and (2) active control (mobile surface, planform control, jets, advanced controls -magnetodynamics).
The active control without additional net mass flow can be achieved by synthetic jets or small vibrating flap. A synthetic jet is a concept that consists of an orifice or neck driven by an acoustic source in a cavity, as in [10] . At sufficiently high levels of excitation by the acoustic source, a mean stream of flow has been observed to emanate from the neck. The excitation cycle increases the ability of the boundary layer to resist separation.
Another technique of flow control on the convex surfaces is to use passive devices, one of these being the slot mounted between lower-pressure and high-pressure points (near the separation point) on the upper surface. The tendency of equalization of the pressure will produce blowing-suction jets which maintain the boundary layer attached to the upper surface, see [11] .
We investigate three issues related to flow control with applications to aerospace and wind energy: finding the appropriate turbulence model for the study of jets on convex surfaces, the passive control using a slot and the active control using a synthetic jet at medium frequencies on Coanda surfaces [12] .
Coanda effect. Computational analysis
In this section the effect of the surface curvature (Coanda effect) on the development of a two-dimensional wall jet is numerically investigated. The main goals are providing a systematic survey of the performance of selected eddy-viscosity models in a range of curved flows and establishing more clearly their potential and limitations.
Reynolds averaged Navier-Stokes simulations (RANS) with different turbulence models have been employed in order to compute the two-dimensional turbulent wall jet flowing around a circular cylinder: (1) Spalart and Allmaras (SA -one turbulence model equation) [13] , (2) Launder and Spalding k   model [14] , (3) Wilcox k   model [15] and (4) Menter k   SST model [16] . The predictions yielded by the simulations were compared to available experimental measurements from the literature. The surface curvature enhances the near-wall shear production of turbulent stresses and is responsible for the entrainment of the ambient fluid which causes the jet to adhere to the curved surface.
The particular configuration shown in Figure 5 is considered cylindrical. The wall jet properties have been reported by Neuendorf and Wygnanski [17] 
The computational grid used for these investigations consists of 900 x 220 nodes. For the turbulence models used in these calculations the laminar sublayer needed to be resolved. For some of these turbulence models the jet-velocity decay and jet-half-thickness versus the streamwise angle are plotted in Figure 6 . The jet-half-thickness (y1/2) represents the thickness where the jet velocity (Uj) is half of the maximum jet velocity (Um) through the same section.
When the k   model was used in combination with the k   SST model, a close match of the jet-velocity decay with the measured data was achieved. However, even with this model, the downstream development of the jet-half-thickness was poorly predicted.
The shape of the normalized velocity profiles is best predicted by the k   model (see Figure 7 ). Since the predicted half-thickness (y1/2) is small for all models, the normalized velocity profiles do not match the experimental velocity profiles neither in the mild pressure region, nor in the adverse pressure region.
For the k   SST model, the separation location was slightly closer to the experimental data. When the k   and Spalart-Allmaras models were used, the jet remained attached to the cylinder for more than 260 degrees (see Figure 8 ).
One weakness of the eddy-viscosity models is that these models are insensitive to streamline curvature and system rotation. Based on the work of Spalart and Shur [18] 
Passive control using a slot
The first case study uses a simple convex surface and the second computational case uses the same convex surface with a slot between the over-pressure point and the under-pressure point on the surface (placed in separation boundary layer region). The tendency of equalizing the pressures leads to a blow in the first orifice of the slot, while in the second one the suction phenomenon occurs. The jet (Uj=25 m/s) is developed in a rectangular channel with 75 mm (height) x 20 cm (width) and passes over a convex surface (25 cm length). The shape of the surface is given by two elliptical fillet surfaces.
The experimental model has 11 pressure probes disposed on the median plane of the Coanda surface and connected to a digital pressure scanner.
For computations we use steady RANS with a k- SST c.c. turbulence model and the computation grid has 219,300 nodes. The suction-blowing phenomenon has a beneficial effect on keeping the boundary layer attached on 82% of the surface compared to the case without the slot when the boundary layer is attached to 58% of the surface. Figure 9 shows the velocity field in the computational domain and the pressure distribution on the surface for each of the aforementioned situations. The jet is deflected by 20 degrees from the original direction. Using a hydraulic resistance on the slot we can control the separation point of the jet and the jet orientation (the problem will be investigated in future work).
For an active control using synthetic jet concept [19] , we use the same configuration as in the first case, but the configuration has an actuator with a lateral slot placed at the point of the detached boundary layer. The diaphragm oscillates in a sinusoidal way, with a frequency of 100 Hz and amplitude of 1 mm
For simulation purposes, an unsteady RANS, k- SST turbulence model with curvature correction is used [20] . The computation grid has 160,000 nodes and the y + values of the wall-next grid points are between 0.05 and 1, and the x + values between 10 and 100. In this investigation the separation was not completely suppressed and the boundary layer was not enough energized by the generated vortices structures (see Figure 10) . A small unsteady deviation on the jet of about 3 degrees was noticed (see Figure 11 ). 
Numerical analyis of turbulent flow in a Coanda ejector
The task of this study is to investigate the influence of various geometric parameters and pressure ratios on the Coanda ejector performance.
The Coanda ejector is an axisymmetric device that uses the injected primary flow on the inner curved surface and entrains the secondary flow. The main purpose of the Coanda ejector is to provide a high ratio of the induced mass flow rate to the primary mass flow rate. A primary flow is supplied from a high pressure reservoir. The primary flow follows the curved contour of the ejector after a sonic throat, due to the Coanda effect, and expansion waves/compression waves are created depending on the pressure at the outlet section of the primary nozzle. The turbulent mixing of the primary flow with the ambient air near the entrance of the ejector transfers the momentum of the primary jet to the stagnant air in the ejector throat. The secondary, or induced flow is thus dragged by the turbulent shear stress along the viscous effects towards the ejector exit while being mixed with the primary flow by the persistence of a large turbulent intensity throughout the ejector. There are a few works [21, 22, 23] which examine the basic mechanism by which the secondary flow is induced by the ejector.
Mathematical model Dimensionless Forms of Fluid Transport Equations.
The fluid transport equations such as the mass (continuity), momentum, and energy conservation equations are used. We define: c  , the characteristic (inlet) density of the fluid ( 3 kg/m ), U, the characteristic (inlet) velocity of the fluid (m/s), c t , the characteristic time (s), and L, the characteristic length, which is equal to the inlet diameter of ejector (m) [23, 24] .
Then each term is converted to its dimensionless form by multiplying and dividing each term by their characteristic parameters, and then rearranging the equation to the dimensionless parameters. Since the geometrical configuration of the ejector is axisymmetric, the continuity equation and the momentum conservation equation have been used in axisymmetric coordinates.
In compressible fluids, the energy equation is used together with the transport equations in order to calculate fluid properties.
The equations can be spatially averaged to decrease computational cost, yet the averaging process yields a system with more unknowns than equations. Hence, the unclosed system requires a model (e.g., turbulence, or subgrid scale) to make the problem well posed.
Turbulence Closure Equations. The basic idea behind the SST model (see [16] ) is to retain the robust and accurate formulation of the Wilcox model in the near wall region, and to take advantage of the free stream independence of the model in the outer part of the boundary layer.
In order to achieve this, the k   model is transformed into a k − ω formulation by means of a function that has the value one in the near wall region and zero away from the surface. The final form, the model parameters and the implementation are presented in detail in paper [16] .
All the equations stated above are used to calculate fluid properties in a CFD code.
Numerical model and results
A numerical model of axisymmetric Coanda ejectors (Fig. 12a) have been built using the CFD software Fluent with a preprocessor, Gambit. The grid size was optimized to be small enough to ensure that the CFD flow results are virtually independent of the size, see [25] . The used grid is divided in a structured grid near the wall and an unstructured grid otherwise. The numerical results have been obtained for a total pressure value of 5 bar, imposed at the reservoir inlet. The computational domain includes the adjacent regions of the ejector with the physical opening boundaries condition. The flow is considered to be steady. We have used the following geometrical configurations (Fig. 12b) Also the flow velocities for two diameters of the Coanda ejector are analysed. Although cross sectional area increases when the diameter increases, the increment in mass flow rate is quite small. The optimization study of the Coanda ejector is attempted mainly based on the primary nozzle throat and the stagnation pressure ratio. Based on the computational results, it is seen that the throat gap and the stagnation pressure ratio are the two critical parameters which have great influence on the flow characteristics through the ejector and then on the performance of the Coanda ejector, see [24] . Based on these studies, the optimal configuration of a Coanda ejector might be obtained, in order to maximize the ratio of the mass flow rates.
By performing a computational study the effect of various geometric parameters on the performance of the Coanda ejector has been analyzed. The throat gap of the primary nozzle (e) has a strong influence on the ratio of mass flow rates of the induced flow and the primary flow and a critical control over the mixing length as well. For reduced throat gaps, the mixing length decreased, and this possibly indicates the rapid mixing layer growth in the ejector. The mixing layer was more developed for higher values of the diameters of the ejector throat. Validity limits of the calculation laws used in the numerical code have been confirmed by comparisons between numerical and experimental data. The present computational study has allowed us to identify the important parameters which have a strong influence on the behavior and performance of the Coanda ejector.
Further investigations are needed on the primary jet stability and its influence on the flow in the mixing area.
The pitchfork bifurcation flow in a symmetric 2D channel with contraction
An important application is the study of the incompressible flow in a symmetric 2D channel with contraction.
Experimental and numerical research (see the works [26 -32] ) were performed in order to evaluate the flow through the 2D channel, especially after contraction occurs. The experiments done by Cherdron and Sobey (see [27] , [28] ) show the preferential formation of a recirculating zone on one of the channel walls, at a given Reynolds number. For values larger than the critical value Re cr , the flow through the channel loses its symmetry with respect to the channel summetry axis. This phenomenon is known as pitchfork bifurcation. Physically, in the fluid, a momentum transfer process occurs, causing the appearance of a pressure gradient across the channel. Such a pressure gradient may lead to an asymmetric flow. We refer to this phenomenon as the Coanda effect.
Physical model
The flow equations through the channel are characterized by the Navier-Stokes equations for a laminar, incompressible, stationary flow, given by
The geometry of the channel is shown in Figure 15 and it has a symmetry axis (y = 0). The contraction of the channel is given by the contraction ratio k = D/d. The inflow of the channel is at a coordinate On the solid boundaries (the walls of the channel) we impose a "no slip" condition. If, for numerical simulations, a half-channel is used, then the presence of the symmetry axis is imposed assuming a zero flux of all quantities across a symmetry boundary.
Numerical model
The "pressure-based" solver that is used has a SIMPLE-C algorithm implemented (see [33] ), together with a multi grid technique for increasing the rate of convergence of stationary flow problems (Ansys Fluent). The spatial discretization is of second order accuracy, with a under-relaxation coefficient of 0.5 for both the pressure and the momentum. The solution has converged when the global 2 L -norm of the pressure and the velocity residuals is lower than 10 -8 .
The Reynolds number sets were selected such that the flow in channel is laminar and stationary.
Numerical results
In the numerical simulations we use three channels with the contraction coefficients k = 2.4 and 8, repectively (see Table 1 , and Figure 15 The recirculation zones that occur at the corners of the channel and beyond the contraction section have the lengths S1, S2 , and S3 l , S3 u , respectively (see Figure 15 ). For each contraction coefficient k, two computation cases occur: a first case in which we have used half-channel (y = 0 is a symmetry boundary) and a second case in which the flow through the whole channel has been studied. The computational domain allows for generating orthogonal grids.
For a given value of k, without changing the value of the Reynolds number, the numerical simulations lead to similar values of the length(s) of the recirculation zone (S1 and S2) in the corner(s) of the upstream channel, in accordance with the results from the works of Hawken [30] . The relative error between the simulated values S1 and S2 (whole channel, upper and lower corner) and the values obtained from the half-channel simulations is under 1% (see Figure 16 ). Figure 17 shows that, for the half-channel symmetric solution, the reattachment length S3 is linear and monotonously increasing.
Concerning the full channel solution we make the following remarks:
the use of a grid which is symmetric with respect to the symmetry axis of the channel and has symmetrically generated grid computing boundaries usually leads to a symmetric solution (see Figure 17b) ; -if the grid is slightly asymmetric (the values of the symmetric coordinates are slightly perturbed or the number of discretization points is different for each symmetric boundary) or if the initial flow field is slightly perturbed, then the recirculation zone formed on the lower wall is different from the recirculation zone formed on the upper wall Another application where the pitchfork bifurcation occurs is the study of two flows that go through a channel [34] . We consider the case when the velocity profile is described by equation (42), and assume that the flows have identical velocity profiles (see Figure 19 ). The flowing regime is characterized by small Reynolds numbers ( < 25-30) such that the flows are laminar and stationary. The domain is discretized in 400 x 600 nodes [35] . Figure 21 shows the attachements point locations xatt for flows at various Reynolds numbers, for fixed ratio S/D = 10. This point aparently remains unchanged for S/H < 0.5, since the core region between jets is distant from side-walls and the walls do not influence it. For S/H  0.5, the walls are relatively closer to the jets, and the Coanda effects lead to the "attraction" of jets towards the walls with the merging point suddenly jumping to a further downstream location (observed for Re > 15).
The transonic airfoil buffet [36, 37] is a stability issue that leads to shock oscillations and large variations of the lift coefficient. The practical problem of the airplane buffet is given by the dynamic response of the elastic structure at the flow field [38] .
The prediction of the onset and character of the unsteady transonic flow field is a great challenge. The transonic flow around an airfoil has been used as a model problem for understanding the unsteady forcing, phenomenon similar to airplane buffeting [39] .
Many researchers analyze the problem using the Reynolds-averaged Navier-Stokes equations with adequate turbulence closure, which are a necessary approximation to cover the high Reynolds numbers at which transonic buffet occurs. A simple exemplification for bifurcation in transonic flow over an particular airfoil is presented in the following section. The reference model can be found in ref . [40] .
In figure 22 , for the set of Mach incidence numbers 0.852 0.868 The nonlinear flow equations, the initial solution used for the numeric computations and the length of the airfoil midpart with a small or zero curvature are the principal factors for the onset of flow bifurcations [40, 41] .
Conclusion
In the beginning of the chapter we have achieved an analytic solution that approximates a two-dimensional Coanda flow. In this model the edge of the intermittent flow has been neglected, so that assuming constant turbulent viscosity in cross section has lead to similar velocity profiles for both the laminar and turbulent flow. However, the general configuration of the flow development was different. In order to specify the development of this self-modeled flow only one empirical constant was need.
In many applications that use boundary layer control by tangential blowing, the solid surface downstream of blowing slot is strongly curved and, in this case, the prediction of jet involves separation and a more accurate knowledge of the flow (radial and tangential pressure -velocity profiles) which has been done by CFD methods.
The compressible Reynolds-averaged Navier-Stokes (RANS) equations have been solved for circulation control (CC) airfoil flows. Different turbulence models have been considered for closure, including the Spalart-Allmaras model with and without a curvature correction and the shear stress transport (SST) model of Menter. Numerical solutions have been computed with a structured grid solver. The effect of mesh density on the solutions has been examined.
We have investigated the characteristics of various Coanda surfaces, involving smooth curved surfaces and a polygonal curved surface with flap. Using the FLUENT code we have analyzed the distribution pressure and separation on the considered surfaces.
Further, we have taken interest in the detailed behavior of an existing Coanda ejector model, used in propulsion systems. For numerical investigations we have used an implicit formulation of RANS equations for axisymmetric flow with a shear stress transport k   (SST model) turbulence model. The numerical results have been obtained for a total pressure range of 1-5 bars, imposed at the reservoir inlet. The goal was to investigate the influence of various geometric parameters and pressure ratios on the Coanda ejector performance. The effect of various factors, such as the pressure ratio, primary nozzle and ejector configurations on the system performance has been evaluated based on the performance parameters. The mixing layer growth plays a major role in optimizing the performance of the Coanda ejector as it decides the ratio of secondary mass flow rate to primary mass flow rate and the mixing length.
Because single jet flows or multi-jet flows are extensively applied in conjunction with the Coanda surface, as confined or free jet flows, in the last part of the chapter we have provided further insight into complexities involving issues such as the variety of flow structure and the related bifurcation and flow instabilities.
We have considered two cases: i) the flow bifurcation in the symmetric planar contraction channel for different contraction ratio and Reynolds number (single jet) and ii) the flow structure as bifurcation phenomena involved in the confined twin-jet flow field, related to the parameters of jet momentum (Re), side-wall confinement and jet proximity effects.
Also was presented a simple exemplification for bifurcation in transonic flow over an particular airfoil.
Thus, we have determined the conditions and the limits within which one can benefit from the advantages of Coanda-type flows. 
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